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We generalize the chimney model by introducing nonlinear restoring and gravitational forces
for the purpose of modeling swaying of trees at high wind speeds. We have derived general
equations governing the system using Lagrangian formulation. We have studied the simplest
case of a single element in more detail. The governing equation we arrive at for this case has not
been studied so far. We study the chaotic properties of this simple building block and also the
effect of directionality in the wind on the chaotic properties. We also consider the special case
of two elements.
1. Introduction
Though swaying of trees is cited as a standard example of a natural nonlinear system, surprisingly its
complete nonlinear dynamical modelling has not yet been carried out in spite of its obvious applications.
Dynamics of swaying of trees is of interest to forest scientists [De Langre, 2008] as it has consequences to
the losses occurred in stormy conditions. As a result, a typical question asked is how the shape of canopy
determines its response to the wind. Also, in computer animation [Diener et al., 2009; Akagi et al., 2006;
Oliapuram et al., 2010; Hu et al., 2017] developing methods for realistically depicting the movement of
trees is an active field. Here one requires the appropriate dynamical equations modeling the motion to have
better visual effect.
In the past, various theoretical methods have been developed to describe the response of the tree to
the wind load. These include, considering a cantilever beam approximation, a partial differential equation
for free vibrations of the beam [Moore & Maguire, 2005] or a chimney model consisting of coupled short
oscillating sections [Kerzenmacher & Gardiner, 1998]. But none of these incorporate the nonlinear restoring
force and also the branched structure of a tree. However, there are some recent works which have begun
to take into account the nonlinear effect [Miller, 2005]. Also, very recently, Murphy and Rudnicki [2012]
have evolved a way to incorporate branching structure and also the nonlinearity in the model. In another
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work, Thecke, et al. [2011] have constructed a Y-shaped branched model in order to understand the
structural stability for possible applications to mechanical designs. Though these works have initiated the
incorporation of nonlinear effects in the modelling of swaying trees, a complete nonlinear analysis of the
phenomenon is still lacking. There are some handful of investigations done to study the resonance behaviour
of plant stem based on mass and nonlinear flexural stiffness distributions. However, there are still many
aspects, especially the chaoticity, which remain to be explored.
On the experimental front, substantial work [De Langre, 2008] has been carried out to measure the
motion of the trees, hence different methods are used to record displacement, acceleration and velocity
of the plant with the help of optical target monitoring [Hassinen et al., 1998], inclinometer [Sellier et al.,
2006] and image correlation from videos [Barbacci et al., 2013]. The objectives of the experiments have
been diverse, from studying the effect of wind velocity to the influence of aerial architecture.
We have begun a program to carry out this modelling ab initio and plan to carry out comparisons of
the results thus obtained with experimental data either already available or carried out for the purpose.
This work is the first step in this direction which introduces and analyses the simplest model which arises
as a natural evolution in this process. It is not intended to include biological inputs at this stage but only
to study the nonlinear dynamical aspects of the model.
Several computer animation studies (see, for example, [Ota et al., 2003]), in order to make the animation
realistic, assume that the wind is turbulent and use 1/fβ noise as a driving force. Our work, in fact,
explores another point of view, that is, the question how much of the irregular motion of the trees is due
to nonlinear restoring forces leading to chaotic behavior. Hence we consider the wind to be laminar and
use simple driving forces as explained later.
The paper is organized as follows. In section 2, we introduce and explain our model which includes the
derivation of the Lagrangian governing the system. This is followed by the section explaining the numerical
results, the study of Lyapunov exponents for different values of driving frequencies and the effect of different
parameters of the model on the chaotic properties. Then we end by some concluding discussions.
2. The Model
Our starting point is the Chimney model which was studied in [Kerzenmacher & Gardiner, 1998]. As shown
in Fig. 1, it consists of a vertical column made of several segments with a restoring force at the joints and a
gravitational destabilising force. It has been used to understand the swaying motion of trees and hitherto
formulated only using linear terms [Kerzenmacher & Gardiner, 1998].1 This choice of the model would
allow us to easily add the branching structure at the later stage of the development.
2.1. General formulation
We have reformulated this problem using Lagrangian formulation and generalised to include nonlinearities
in order to understand the motion of trees even at high wind velocities. As is clear from Fig. 1, the θi is the
angle made by the ith element with the verticle and mi is the mass which is assumed to be concentrated
at the center. Here we also assume that the lengths of all the elements are the same and equal to `. If
there are N number of elements and (xn, yn) are the coordinates of the center of the n
th (1 ≤ n ≤ N)
element, then we have xn =
∑n−1
i=1 ` sin θi+
`
2 sin θn and yn =
∑n−1
i=1 ` cos θi+
`
2 cos θn. Also, the components
of velocities are given by x˙n =
∑n−1
i=1 ` cos(θi)θ˙i +
`
2 cos(θn)θ˙n and y˙n = −
∑n−1
i=1 ` sin(θi)θ˙i − `2 sin(θn)θ˙n.
1We however retain the word chimney in the name though the model may no longer be applicable to chimneys.
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Fig. 1. Schematic diagram of the Chimney model. Different segments are connected end to end with their mass concentrated
at the center. There is a restoring force at the joints of the segments and also at the base of the lower most segment. There is
a downward gravitational force acting on each segment.
So the kinetic energy is given by
TN =
N∑
n=1
1
2
mn(x˙
2
n + y˙
2
n)
=
N∑
n=1
1
2
mn
(n−1∑
i=1
` cos(θi)θ˙i +
`
2
cos(θn)θ˙n
)n−1∑
j=1
` cos(θj)θ˙j +
`
2
cos(θn)θ˙n

+
(
−
n−1∑
i=1
` sin(θi)θ˙i − `
2
sin(θn)θ˙n
)− n−1∑
j=1
` sin(θj)θ˙j − `
2
sin(θn)θ˙n

and after some simplification it becomes,
TN =
`2
2
N∑
n=1
mn
n−1∑
i=1
n−1∑
j=1
cos(θi − θj)θ˙iθ˙j +
n−1∑
i=1
cos(θn − θi)θ˙nθ˙i + 1
4
θ˙2n

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Now we interchange the sums and, after some algebra, obtain
TN = `
2
N∑
j=1
N∑
i=j+1
((
cos(θj − θi)
)
θ˙j θ˙i
(
mi
2
+
N∑
n=i+1
mn
))
+
`2
2
N∑
j=1
θ˙2j
mj
4
+
N∑
i=j+1
mi
 (1)
The potential energy is,
VN =
N∑
n=1
(
mngyn +
1
2
kn(θn − θn−1)2 + 1
4
knαn(θn − θn−1)4
)
=
N∑
n=1
(
mng
(
n−1∑
i=1
` cos θi +
`
2
cos θn
)
+
1
2
kn(θn − θn−1)2 + 1
4
knαn(θn − θn−1)4
)
and after rearranging terms it takes the form
VN = g`
N∑
n=1
mn
(
n−1∑
i=1
cos θi +
1
2
cos θn
)
+
1
2
N∑
n=1
kn(θn − θn−1)2 + 1
4
N∑
n=1
knαn(θn − θn−1)4.
Now, again, interchanging the sums, we get
VN = g`
N∑
j=1
cos θj
(
mj
2
+
N∑
i=j+1
mi
)
+
1
2
N∑
j=1
kj(θj − θj−1)2 + 1
4
N∑
j=1
kjαj(θj − θj−1)4
(2)
Thus Lagrangian is written as:
LN = TN − VN
=
`2
2
N∑
j=1
θ˙j
2
(
mj
4
+
N∑
i=j+1
mi
)
+ `2
N∑
j=1
N∑
i=j+1
θ˙j θ˙i cos(θi − θj)
(
mi
2
+
N∑
n=i+1
mn
)
−g`
N∑
j=1
cos θj
(
mj
2
+
N∑
i=j+1
mi
)
− 1
2
N∑
j=1
kj(θj − θj−1)2 − 1
4
N∑
j=1
kjαj(θj − θj−1)4 (3)
If we write the cumulative mass of the segments above the segment i as Mi =
∑N
n=i+1mn then we get
LN =
`2
2
N∑
j=1
θ˙j
2
(
mj
4
+Mj
)
+ `2
N∑
j=1
N∑
i=j+1
θ˙j θ˙i cos(θi − θj)
(
mi
2
+Mi
)
−g`
N∑
j=1
cos θj
(
mj
2
+Mj
)
− 1
2
N∑
j=1
kj(θj − θj−1)2 − 1
4
N∑
j=1
kjαj(θj − θj−1)4 (4)
2.2. Special case of single element
For the special case of just one segment, the Lagrangian takes the form:
L1 =
1
2
`2
(m1
4
)
θ˙1
2 − g`
(m1
2
)
cos θ1 − 1
2
k1θ
2
1 −
1
4
k1α1θ
4
1 (5)
Thus Lagrangian equation of motion for single element (including nonlinear restoring force) is as follows
d
dt
(
∂L1
∂θ˙1
)
− ∂L1
∂θ1
= Q1
m1`
2θ¨1
4
− m1g` sin θ1
2
+ k1θ1
(
1 + α1θ
2
1
)
= Q1 (6)
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where Q1 is the total force in the direction of θ1 which does not arise from any potential. Here it consists
of the dissipation force and the driving force. To incorporate the dissipation, the frictional force defined in
terms of a function F , known as Rayleigh’s dissipation function, which is given by
F = 1
2
(
bxvx1
2 + byvy1
2
)
(7)
Since the velocity components for single element are as follows:
vx1 = x˙1 =
`
2
cos θ1θ˙1
vy1 = y˙1 = − `
2
sin θ1θ˙1,
the Rayleigh’s dissipation function becomes
F = 1
2
(
bx
( `
2
cos θ1θ˙1
)2
+ by
(− `
2
sin θ1θ˙1
)2)
(8)
and with the assumption that the dissipation along each direction is the same, i.e. bx = by = b, it simplifies
to
F = 1
2
b`2
(
θ˙1
2
4
)
As a result, the Lagrange’s equation of motion for a single element system with the dissipative force,
∂F
∂θ˙1
, is given as
d
dt
(
∂L1
∂θ˙1
)
− ∂L1
∂θ1
+
∂F
∂θ˙1
= Qdrive1 (9)
where Qdrive1 is the driving force in the θ1 direction. This gives us the equation
m1`
2θ¨1
4
− m1g` sin θ1
2
+ k1θ1
(
1 + α1θ
2
1
)
+
b`2θ˙1
4
= Qdrive1 (10)
which is the equation of motion for one beam system.
Now we add a driving force to the system. We consider the driving force due to the wind and hence two
possibilities. The first one is that of wind changing directions continuously, a situation typical of stormy
conditions, and the other possibility is that of wind coming from a fixed horizontal direction accompanied
by the modulations. The first force would be better modelled by a term `f cosωt/2 and the second can be
expressed mathematically as `(d+f cosωt) cos θ1/2 where d is the average force in a given direction and we
have multiplied by cos θ1 as we need the component in the θ1 direction. On simplification and substituting
` = 1 and m1 = 1, we get,
θ¨ + bθ˙ − 2g sin θ + 4kθ(1 + αθ2) = 2
{
f cosωt
(d+ f cosωt) cos θ
(11)
where the subscript of θ has been omitted.
To the best of our knowledge, there is no other system where such an equation has arisen in which both
these nonlinear forces, the gravitational term as in pendulum and the cubic nonlinearity in the restoring
force, are present. As a result no mathematical analysis of such an equation exist in the literature. While
the equations with the presence of these nonlinear forces separately have been solved in terms of Jacobi
elliptic functions, the above equation with both the terms present doesn’t seem to be amenable to analytic
treatment. Even the convergence with an approximate method using Adomian decomposition [Adomian,
1991] is very slow.
In [Miller, 2005], the first two terms in the power series exapansion of sine were used leading to the
equation:
θ¨ + bθ˙ + (4k − 2g)θ + (4kα+ g
3
)θ3 = 2f cos(ωt) (12)
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This is a modified Duffing’s oscillator which has been studied extensively as an example of the simplest
nonlinear generalization of driven damped simple harmonic oscillator. The work by Miller [Miller, 2005]
was, to the best of our knowledge, the first instance of incorporating nonlinearity in the modeling of swaying
of trees. Such an approximation would be clearly of use at low wind speeds. In this work, the effect of
nonlinearity in the resonance curve was explored in detail. In the present work, we plan to study the chaotic
properties of the solutions without making such an approximation.
2.3. The case of two elements
Now let us consider two segments, The Lagrangian takes the form:
L2 =
1
2
l2
(
m1
4
+m2
)
θ˙1
2
+
1
2
l2
(
m2
4
)
θ˙2
2
+ l2θ˙1θ˙2 cos(θ2 − θ1)
(
m2
2
)
−gl
(
m1
2
+m2
)
cos θ1 − gl
(
m2
2
)
cos θ2 − 1
2
k1θ
2
1
−1
4
k1α1θ
4
1 −
1
2
k2(θ2 − θ1)2 − 1
4
k2α2(θ2 − θ1)4 (13)
Again the dissipation is incorporated through Rayleigh’s dissipation function, which is given by
F2 = 1
2
(
bxvx1
2 + byvy1
2 + bxvx2
2 + byvy2
2
)
=
1
2
(
bx
(( `
2
cos θ1θ˙1
)2
+
( `
2
cos θ2θ˙2 + ` cos θ1θ˙1
)2)
+by
((− `
2
sin θ1θ˙1
)2
+
(− `
2
sin θ2θ˙2 − ` sin θ1θ˙1
)2))
,
(14)
and with the assumption that the dissipation along each direction is the same, i.e. bx = by = b, it simplifies
to
F2 = 1
2
b`2
(
5θ˙1
2
4
+
θ˙2
2
4
+ θ˙1θ˙2 cos(θ2 − θ1)
)
(15)
The Lagrange’s equation of motion for a two element system becomes
d
dt
(
∂L2
∂θ˙1
)
− ∂L2
∂θ1
+
∂F2
∂θ˙1
= Qdrive1 (16)
d
dt
(
∂L2
∂θ˙2
)
− ∂L2
∂θ2
+
∂F2
∂θ˙2
= Qdrive2 (17)
This gives us the equation
`2
(
m1
4
+m2
)
θ¨1 + `
2
(
m2
2
)(
θ¨2 cos(θ2 − θ1)− θ˙22 sin(θ2 − θ1)
)
− g`
(
m1
2
+m2
)
sin θ1
+k1θ1
(
1 + α1θ
2
1
)− k2(θ2 − θ1)(1 + α2(θ2 − θ1)2)+ 1
2
b`2
(
5θ˙1
2
+ θ˙2 cos(θ2 − θ1)
)
= Qdrive1 (18)
`2
(
m2
4
)
θ¨2 + `
2
(
m2
2
)(
θ¨1 cos(θ2 − θ1)− θ˙12 sin(θ2 − θ1)
)
− g`
(
m2
2
)
sin θ2
+k2(θ2 − θ1)
(
1 + α2(θ2 − θ1)2
)
+
1
2
b`2
(
θ˙2
2
+ θ˙1 cos(θ2 − θ1)
)
= Qdrive2 (19)
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which is the equation of motion for two beam system. On simplication and rearranging coefficients, it
becomes
θ¨1 = −2
5
θ¨2 cos(θ2 − θ1) + 2
5
θ˙2
2
sin(θ2 − θ1) + 6
5
g sin θ1 − 4
5
k1θ1
(
1 + α1θ
2
1
)
+
4
5
k2(θ2 − θ1)
(
1 + α2(θ2 − θ1)2
)
− 2
5
b
(
5θ˙1
2
+ θ˙2 cos(θ2 − θ1)
)
+
4
5
Qdrive2
θ¨2 = −2θ¨1 cos(θ2 − θ1)− 2θ˙12 sin(θ2 − θ1) + 2g sin θ2 − 4k2(θ2 − θ1)
(
1 + α2(θ2 − θ1)2
)
−2b
(
θ˙2
2
+ θ˙1 cos(θ2 − θ1)
)
+ 4Qdrive2
We eliminate the second derivatives on the RHS to obtain
θ¨1 =
(
1
1− 45cos(θ2 − θ1)2
)(
4
5
θ˙1
2
sin(θ2 − θ1) cos(θ2 − θ1)− 4
5
g sin θ2 cos(θ2 − θ1)
+
8
5
k2(θ2 − θ1) cos(θ2 − θ1)
(
1 + α2(θ2 − θ1)2
)
+
4
5
bθ˙1cos(θ2 − θ1)2 − 8
5
Qdrive2 cos(θ2 − θ1)
+
2
5
θ˙2
2
sin(θ2 − θ1) + 6
5
g sin θ1 − 4
5
k1θ1
(
1 + α1θ
2
1
)
+
4
5
k2(θ2 − θ1)
(
1 + α2(θ2 − θ1)2
)
−bθ˙1 + 4
5
Qdrive2
)
(20)
θ¨2 =
(
1
1− 45cos(θ2 − θ1)2
)(
− 4
5
θ˙2
2
sin(θ2 − θ1) cos(θ2 − θ1)− 12
5
g sin θ1 cos(θ2 − θ1)
+
8
5
k1θ1 cos(θ2 − θ1)
(
1 + α1θ
2
1
)
− 8
5
k2(θ2 − θ1) cos(θ2 − θ1)
(
1 + α2(θ2 − θ1)2
)
+
4
5
bθ˙2cos(θ2 − θ1)2 − 8
5
Qdrive2 cos(θ2 − θ1)− 2θ˙1
2
sin(θ2 − θ1) + 2g sin θ2
−4k2(θ2 − θ1)
(
1 + α2(θ2 − θ1)2
)
− bθ˙2 + 4Qdrive2
)
(21)
3. Results
The primary aim of this work is to obtain some insight into the dynamics of this model with single element
as it forms the building block of the general model. We have carried out extensive numerical simulations to
understand the behaviour of this nonlinear single element chimney model described by the equation (11).
This understanding would then be useful later for the model with several elements. Firstly, we are interested
in understanding the chaotic solutions of this model and hence the values of the largest Lyapunov exponent
for various values of the parameters. For comparison we also study the chaotic properties of two element
system. We would also like to study the effect of directionality in the wind on its chaotic properties for
different parameter values.
3.1. Riddled basins of attraction
The Duffing’s oscillator has double well potential for all negative values of k and α but our system, owing
to the gravitational term, has double well potential even for small positive values of k (< g/2) when α is
also positive. Here, we restrict ourselves to the range of parameters leading to the double well potential.
That is, there are two stable fixed points. In the case of Duffing’s oscillator it is known that when the
motion is regular the basins of attraction of these two fixed points have smooth boundary but as the values
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Fig. 2. Fractal basin boundaries for k = 1.0, α = 1.0, b = 1.0 (a) f = 2.0, ω = 1.0, Df = 1.46, (b) f = 2.0, ω = 1.8, Df = 1.61,
(c) f = 2.2, ω = 0.8, Df = 1.59, (d) f = 2.2, ω = 1.2, Df = 1.64.
of ω and f are increased the motion becomes irregular and the basin boundary starts to intersect with
each other leading to a fractal nature.
We study the basins of attraction of the stable points and find that for sufficiently large values of f and
ω the basins become intertwined and the basin boundaries become fractal. Fig. 2 shows some examples.
We find that the fractal dimensions Df lie around 1.5. This is similar to other systems reportd in the
literature [Moon & Li , 1985; Grebogi et al., 1987].
3.2. Lyapunov exponents
3.2.1. The case of a single element
Then, we compute the largest Lyapunov exponents for various values of parameters in order to check for the
existence of chaotic motion. The largest Lyapunov exponent can be estimated by two different approaches:
February 22, 2019 3:34 ms˙k2˙ijbc˙rev˙3
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Fig. 3. Poincare Section for k = 2.0, α = 1.0, b = 0.5, f = 4.4
Fig. 4. Lyapunov Exponent for k = 2.0, α = 1.0, b = 0.5, f = 4.4. The filled circles are for the equation with full sine term
(Eq. (11)) and filled triangles represent truncated system (Eq. (12)).
(i) by generating the divergence in the trajectory directly from the governing equation and thier Jacobians
[Wolf et al., 1985] and (ii) by generating a time series from the solution of the differential equation and
then using softwares like TISEAN [Rosenstein et al., 1993] or TSTOOL [Parlitz, 1998]. We have tried all
these ways, though here we report the results of the first approach. It is worthwhile to note that all the
approaches lead to consistent conclusion about the existence of chaos though the exact positive values of
the largest Lyapunov exponents differed from method to method. We observe positive largest Lyapunov
exponents for wide parameter ranges implying the chaotic motion. In Fig. 3, we see the Poincare section
for the system with full sine term for some values of parameters (k = 2.0, α = 1.0, b = 0.5, f = 4.4). It
shows the ranges of values of ωs for which the motion seems irregular. We find, as shown in Fig. 4, that in
several of these ranges of ω values the largest Lyapunov exponent is positive. It is interesting to note that
the Poincare section for the truncated system is also almost identical to that shown in Fig. 3 but the values
of the Lyapunov exponents in the choatic region are generally different. Fig. 4 also depicts the Lyapunov
exponents for the system with truncated sine of Eq. (12). We find that there is a considerable difference in
the Lyapunov exponent of the two systems for smaller range of ω values (ω < 3) but not so in the higher
range (ω > 5). Incidently, this higher range of ω values where we see chaotic solutions corresponds to the
range around the resonance and the lower range of ω with positive Lyapunov exponents corresponds to
February 22, 2019 3:34 ms˙k2˙ijbc˙rev˙3
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Fig. 5. Lyapunov Exponent for two element system for k1 = 1, k2 = 1, α1 = 1, α2 = 1, b = 0.5, f = 11.6. The filled circles are
for the equations (20) and (21) with full sine term and filled triangles are for the same system except that g sin(θi) is replaced
by g(θi − θi3/6)
the subharmonic resonances.
3.2.2. The two element case
In order to better understand the difference between the effect of full sine gravitational term and its
truncation to cubic order we find the Lyapunov exponent of the two beam system. The Fig. 5 depicts the
results. We observe that the values of the Lyapunov exponents are quite different especially as compared
to the single beam case. Moreover, there are some values of ω for which the truncated system is chaotic
but the system without approximation isn’t.
3.3. Effect of directionality
As discussed in [Habel et al., 2009], considering the effect of directionality in the wind is important especially
for large wind speeds. In this section, we study the existence of chaos as the parameter d in Eq. (11) is
varied. This parameter adds a DC shift to the otherwise periodically varying force. So a non-zero d means
that the wind is flowing in certain direction modulated by periodic variations. As remarked before, such
a wind is usually horizontal and hence only the component perpendicular to the segment will lead to the
angular displacement. This makes it necessary to multiply the driving force by cos θ. This introduces a θ
dependence on the right-hand-side of the equation. We observe that this multiplication by cos θ leads, in
general, to suppression of chaos. That is, for example, it is seen that the bands of chaotic behaviour in
Fig. 3 become smaller when the other parameters are kept the same.
We now further study the effect of varying d and its dependence on other parameters, k, f and α. In
general we find that the chaos is further suppressed as d is increased keeping f and α fixed. The Fig. 6a
shows the effect of varying d for different values of k. The white region corresponds to no evidence of
positive Lyapunov exponent for the range of ω (between 0 and 8) values explored. Whereas, the grey
region corresponds to existence of chaos atleast for some values of ω. Interestingly, the suppression of chaos
with increasing d is more prominent at larger values of k. This is surprising because, at smaller values of
d, it is for this range of k that one observes more robust chaos, in the sense that the system is chaotic for
larger range of ω values and the values of Lyapunov exponents are relatively larger. The result of changing
d and f keeping k and α fixed is shown in the Fig. 6b. Here too we see that the chaos disappears for larger
value of d. However, as expected, the range of values of d over which chaos exists increases with f . Finally,
in the Fig. 6c, we show the results when d and α is varied keeping k and f fixed. Here we do not see this
feature of suppression of chaos as d is increased at least for the range of parameters studied. In fact, there
seems to be a critical value of α above which one observes chaos even for larger values of d.
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Fig. 6. White region implies that no chaos was observed for given values of parameters (in (a) k and d, in (b) f and d and
in (c) α and d) for the values of ω between 0 and 8 whereas the grey region corresponds to the existence of chaos for some
values of ω in this range.
4. Conclusion
We have begun a complete nonlinear analysis of swaying of trees. Such studies are of interest to forest
scientistits interested in minimizing the loss of wood in, say, stormy conditions and also to computer
scientists interested in building realistic animation of moving trees or jungles. Though, it is known that
the biological materials show nonlinear stiffness properties, the models built by computer scientists are
exclusively based on linear restoring forces whereas the studies stemming from the plant biologists have
only started to include some nonlinear properties. We have planned to carry out a full-fledged study of
the swaying of trees incorporating the nonlinearity as much as possible. As a starting point, we have
considered the chimney model which was used before for the same purpose but without incorporating
nonlinearity. It consists of several segments connected end to end and erected from the ground. This choice
of the model would easily allow to add the branches later. There is a restoring force between the joints
and also at the base of the first element and the ground. There is also the gravitational force acting on
each of these elements. We have derived general equations of motion by reformulating this model using
Lagrangian formulation by taking the cubic nonlinearity in the restoring force and the full sine term for
the gravitational force.
Here our attention is primarily on the single element model but have considered the two element case
too. We have analyzed various nonlinear dynamical aspects without any consideration to the biological
values of the parameters. We found that there exist positive Lyapunov exponent in a certain region of
parameter space. The Lyapunov exponents for the system with truncated system are not generally the
same as compared with the system with full sine term. The sine term in the gravitational force introduces
a length scale in the problem which can lead to qualitatively different behavior with branched structure
and at high wind speeds. In fact, we find that, in the two element case, there are values of parameters for
which the truncated system is chaotic but there is no chaos for the system with full sine term. We have
also studied the effect of the directionality in the wind on the nature of chaos and found that the chaos
gets suppressed as the wind velocity increases in certain direction.
In future, it is planned to study the model further with multiple segments and also branched structures.
The branch structures could consist of simple structure with few branches or a selfsimilar structure with
several subbranches. Also, it would be of interest to study the effect of different driving forces. For a
complete understanding, the inclusion of torsional oscillations would also be worthwhile.
It is also planned to carry out the comparison with experimental data. This will be done with the data
already available in the literature and also on the data specially obtained by measurements on the video
recordings of small plants and grass-like plants.
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